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The equation of flow of a v i scop las t i c  s y s t e m  in an elbow pipe of nonci rcular  c r o s s  sect ion 
is presented  in natural  fo rm.  Using the equation so der ived,  an app rox ima te  solution is 
obtained for  the mot ion of a v i scop las t i c  s y s t e m  in an elbow pipe of c i r cu l a r  c r o s s  section.  

The S h v e d o v - B i n g h a m  method has been employed fo r  studying the flow of many  d i spersed  sy s t ems .  
The chief advantage of this method over  other methods l ies in the s impl ic i ty  of the equations. Expe r i -  
menta l  data show that  the S h v e d o v - B i n g h a m  equation is obeyed quite c lose ly  for  high r a t e s  of deformat ion  
even by non-Newtonian liquids. Calculat ions indicate  that the neglect  of nonl inear i ty  in the region of smal l  
de fo rmat ions  (for example ,  in the paraxia l  reg ion  for  mot ion in a c i r cu l a r  cylinder)  in t roduces  negligible 
e r r o r s  f r o m  the point of view of p rac t ica l  engineering,  but g rea t ly  s impl i f ies  the computing method. 

Shul 'man [2] showed that  the Kesson  equation gave a fa i r  descr ip t ion  of the flow of a pseudoplast ic  
liquid, and proposed a m o r e  genera l  equation appl icable  to s y s t e m s  with complex  rheological  p roper t i e s .  
A number  of theore t ica l  p rob l em s  have now been solved by means  of these  equations. Never the less ,  the 
S h v e d o v - B i n g h a m  model ,  being the s imples t  r ep r e sen t a t i on  and giving a fa i r  descr ip t ion  of many rea l  
m a t e r i a l s ,  has never  los t  i ts  impor tance .  

Let  us cons ider  the flow of a highly v iscous  Shvedov -B ingham liquid in a c i r cu l a r  pipe with i ts  axis  
bent into the a r c  of a c i r c l e  of rad ius  R. End effects  on enter ing and leaving the pipe will be neglected. 
This  is just i f iable for  highly v iscous  liquids in which the init ial  sect ion in which flow s t a r t s  developing is 
f a i r ly  smal l .  

This  p rob lem m a y  find p rac t i ca l  appl icat ion in calculat ing the motion of such v i scoplas t ic  m a t e r i a l s  
as  peat,  clay, etc. in the profi led pa r t s  of machinery .  

Let  us suppose that  r 0 is the radius  of c r o s s  sec t ion  of the pipe and a is the cen t ra l  angle of the a r c  
AB (Fig. 1). 

We cons ider  that  in the cyl indr ica l  coordinate  s y s t e m  r ,  0, z 

v~ = v~ =0; v o = q~ (r, z). 

The current lines will thus be circular arcs lying in planes parallel to the coordinate plane ro0. The 
centers of these circles lie in the oz axis. 

The deformation-velocity tensor components will be 

err = Coo = ezz = O, 

�9 Ovo  vo  �9 Ovo �9 
e '~ Or r ' e~ ' e~r=O" 

The intensi ty  of the de format ion  veloci t ies  

I/( ~176 r (0 ~ v_o )~+ \ Oz ] " 
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We thus  ob t a in  the  fo l lowing  d i f f e r e n t i a l  equa t i ons  fo r  the  r h e o d y n a m i e s  of the  v i s c o p l a s t i c  s y s t e m :  

op v~ 
~=oo T '  (1) 

OP ( z o l ( 2 e ,  o Oe, o Oeo,.) % (Oh �9 Oh ~ e ~ ) = O  ' (2) 

O PP = 0 .  (3) 
Oz 

If we n e g l e c t  the  r i g h t - h a n d  s i d e  ( r e p r e s e n t i n g  the n o r m a l  i n e r t i a l  f o r ce )  in  Eq. (1), P m a y  be a f u n c -  
t i on  of 0 only.  H o w e v e r ,  the  d e f o r m a t i o n - v e l o c i t y  t e n s o r  c o m p o n e n t s  in  Eq. (2) a r e  func t ions  of r and  z. 
Hence  P w i l l  be a l i n e a r  func t ion  of 0. 

Deno t ing  the  p r e s s u r e  a t  the  e n t r a n c e  in to  the  p ipe  by  Pl  and tha t  a t  the  ex i t  by  P2, we ob ta in  

p (Pl  - -  P2) 0 + Pl. 

The  s t r e s s  c o m p o n e n t s  

Prr ~ P o e  = Pzz = ---P, 

(::)  t)re = I1 -+- ere, P=o = ~1 + eo,, P, ,  =0 .  

Denot ing  

P1 --  P~ i, 
O~ 

Eq. (2) m a y  be  r e w r i t t e n  in  s t r e s s  f o r m  

OP, o OP~o (4) 

We now e x p r e s s  the  v e l o c i t y  v 0 in  the  f o r m  

v o = rO (r, z). 

Then  we o b t a i n  the  fo l lowing  e x p r e s s i o n  f o r  t he  i n t e n s i t y  of  the  d e f o r m a t i o n  v e l o c i t i e s  

= 0(P ~ ~ 

We i n t r o d u c e  the new v a r i a b l e s  

X ~- r - - R ,  

Then  put t ing  

we ob t a in  

z = z 1, - - r  o -~<x .~..r o, - -  r o -~z  t -.~.. r o. 

(I)(r, z) = v (x ,  zl), 

h = r  - -  -a-  = + r - - ,  
Ox. - On 

w h e r e  n i s  the e x t e r n a l  n o r m a l  to the  i s o l i n e  

(x, z~) = C .  

Le t  us  e x p r e s s  the  fo l lowing  c o m p o n e n t s  in  t e r m s  of ~(x, zl) 

(5) 
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In the b racke t s  the sign in f ront  of r0 has to be chosen so that it may  coincide with the sign of the no rma l  
de r iva t ive  Or~On. 

Essen t ia l ly  the e x p r e s s i o n  +~'0 + ~?r(Sv/On) r e p r e s e n t s  the tangential  s t r e s s  at  the sl ip surface .  De-  
noting this by % we di f ferent ia te  Eqs. (5) and (6) with r e s p e c t  to x and zl, r espec t ive ly :  

aP~o = ~--- . ~ + ~. l Jx ~ ~ az~ / ax ' az~ axOz~ " 

.asT.~ = a :  . ~ I _ ~  ko,~ J ox " az---;, a.oz----7 

az 1 azl (,~n \On ] 

Let us suppose that 

f = (x, z~) = D (7) 

is the geome t r i ca l  locus of the points at  which the function v(x, zl) takes the value C. Essen t ia l ly  the curve  
(7) should be such that g r a d f  is a lways d i rec ted  in the d i rec t ion  of the externa l  normal  to this curve.  Hence 
the sign of the no rma l  de r iva t ive  ~v/~n a lways coincides with the sign of the der iva t ive  8v/0f. 

R e m e m b e r i n g  that  8Pr r0 /0 r  = 0P r0 / ~ x ,  we may r ewr i t e  Eq. (4) in the following way: 

i + 2~ cos (nx) ]_ 0"~ \ _}_ 0"~ ~ ~ I [ Ox ~ \ ~ ) - -  ~x"  Ozl OxOz~ ~- ~ [ Ox ] J 

Let us t r a n s f o r m  the expres s ion  

The sign in the denominator  is chosen so that  it may  coincide with the sign of the no rma l  der iva t ive  8v/Sn.  
Thus we have 

- ~ ]  = l .  

R e m e m b e r i n g  fur ther  that  

0x ~ 
( ot ]'_2 of of ov , ov (or I' 

Oz, i o-;" oz~ O~oz----T ~- ~ ~ o~ 1 = _ • 

\ox  ] \Ozl] 

where  p is  the rad ius  of cu rva tu re  of the isol ine (7), Eq. (8) may  be r ewr i t t en  

i + 2"~ cos (nx) O'c T 
+ . . . .  O. 

r On 9 
(9) 
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In i t s  s t r u c t u r e  th i s  equa t ion  i s  a n a l o g o u s  to t ha t  ob ta ined  e a r l i e r  by  the  a u t h o r  fo r  the  c a s e  of a x i a l  m o t i o n  
in  a c y l i n d e r  of n o n c i r c u l a r  s ec t ion .  By u s i n g  (9) in  an  i n v e r s e  m a n n e r  we m a y  d e r i v e  an  a p p r o x i m a t e  
s o l u t i o n  to the  p r o b l e m  of the  m o t i o n  of a v i s c o p l a s t i c  s y s t e m  in an e lbow p ipe  of n o n c i r c u l a r  c r o s s  s ec t i on .  

H o w e v e r ,  when the con tou r  of the  p ipe  c r o s s  s e c t i o n  i s  g iven  a n a l y t i c a l l y ,  i t  i s  m o r e  conven ien t  to 
u s e  the  d i r e c t  me thod ,  s i n c e  in  th is  c a s e  the  l aw g o v e r n i n g  the  d i s t r i b u t i o n  of the  t a n g e n t i a l  s t r e s s e s  in  the  
so l id  wa l l  m a y  u s u a l l y  be  c o m p l e t e l y  d e t e r m i n e d .  

Le t  us  u s e  Eq. (8) fo r  s o l v i n g  the  p r o b l e m  of m o t i o n  in  a n  e lbow p ipe  of c i r c u l a r  c r o s s  s e c t i o n  by 
the  d i r e c t  me thod .  In the  p r e s e n t  c a s e  a l l  the  n o r m a l  d e r i v a t i v e s  a r e  d e r i v a t i v e s  a long  the d i r e c t i o n  of the  
i n t e r n a l  n o r m a l  to the  i s o l i n e  f(x, zl) = D. 

C o n s i d e r i n g  the  i n n e r  r e g i o n  v e r y  c l o s e  to  the  so l id  wa l t ,  we  e x p r e s s  the  p a r t i c u l a r  s o l u t i o n  of Eq. 
(8) in  the  f o r m  

i (R 2 + R r  - -  2r 2) V'z~ + ( r - - R )  ~" 
T 1 ~ 

6r 2 ( R - -  r) 

We e x p r e s s  the  g e n e r a l  s o l u t i o n  of Eq. (8) in  the  f o r m  

w h e r e  
An 

0 

r2b i s  the  v a l u e  of ~'2 a t  the  s o l i d  wa l l  (boundary) .  

L e t  us  expand  the  func t ion  v(n) in  p o w e r s  of An  in the  n e i g h b o r h o o d  of a point  ly ing  on the  con tou r  of 
the  p ipe  c r o s s  s ec t i on .  

If we s t a r t  f r o m  the p r i n c i p l e  tha t  the  s y s t e m  is  a t t a c h e d  to the  so l id  wa l l ,  the  con tou r  of the  p ipe  
c r o s s  s e c t i o n  i s  the  z e r o  i s o l i n e  of the  func t ion  v(x, zl).  At  a l l  b o u n d a r y  po in t s  of t he  c o r e  of the  c r o s s  
s e c t i o n  th i s  func t ion  should  have  a c o n s t a n t  va lue ,  and a t  t h e s e  po in t s  we  should  a l s o  have  Or~On = O. 

U s i n g  u0 to deno te  the  v a l u e  of the  func t ion  v(x, zl) a t  the  b o u n d a r y  of the  c o r e  of the c r o s s  s e c t i o n  
we  ob t a in  

%= ~n b \ a n ~ J b  2 + " '"  (I0) 

The tangential stress at the solid wall is 

% = "qb + "qb = "% + (R + ro cos ~) ~l ~-n b '  

w h e r e  r 0 i s  the  r a d i u s  of the  p ipe  c r o s s  s ec t i on .  F r o m  th i s  equa t ion  we ob t a in  

( a v )  = ~lb +T2b~- -% 

b ~1 (R @ r o cos qp) 

D i f f e r e n t i a t i n g  the  e q u a t i o n  

av 
"~=T 0 - ~ ] r - ,  

On 

(11) 

we ob t a in  

a-#  = ~ ~ ' an + ~ an~ ! " 

F o r  po in t s  c l o s e  to the  so l id  wa l l ,  and s u b j e c t  to the  cond i t i on  tha t  n i s  the  i n t e r n a l  n o r m a l  to the  
i s o l i n e  v(x, zl) = C, we have  
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On the other  hand, f r o m  Eq. (9) we have 

0~ T Ii - -  2T cos (nx)] 

On I~! r 

Equating the r ight -hand sides of (12) and (13), at  the solid wall  we obtain 

( 0 '~v'] .-~ ('l:~b "+ T2b ) /~ --ro(i +'roCOSqO) 

On~ ] b r o (R -}- ro cos {p)~ ~1 

(13) 

(14) 

If in Eq. (10) we take only the f i r s t  two t e r m s  of the expansion on the r ight -hand side,  we have 

Art = 
\ ~ b  +2~o (0 -~  ]b 

( o2v 

a-b-Jb 

(15) 

It follows f r o m  the condition that, at  any point of the boundary,  the tangential  s t r e s s  should equal 
the l imit ing shear  s t r e s s  that  

kon Jb \ -~#Jb an = 0. 

In o rde r  to sa t i s fy  this condition the expres s ion  under  the root  in Eq. (15) mus t  be equated to zero:  

~ ] b  \ b-~-)b =0.  

Substituting the va lues  of the de r iva t ives  f r o m / ( l l )  and (14) into this we have 

ro (T,2 b + ~b + TO + 2Tlb T2b - -  2Tlb ~o - -  2T~b ~o) + 2~o~ [Tlb R + T~B R - -  ro (i + To COS ~)] =0.  

F r o m  this equation we find 

T~b = TO - -  T~b - -  ~on~ +-- ] / 2 % n  [i + T0 (COS ~ - -  [~)l + ~q~* ' 

where  

[~ = R/ ro .  

The tangential  s t r e s s  a t  the solid wall  

% = ~b + T'~b = To - -  ~ • ] f ~ o ~  [i + T0 (COS ~ - -  8)1 + ~02n2~C 

F r o m  the physical  point of view the tangential  s t r e s s  r b mus t  have a posi t ive sign; f u r t h e r m o r e ,  
in modulus it should be g r e a t e r  than the l imit ing shear  s t r e s s  a t  al l  points. In o rder  to sa t i s fy  this con-  
dition we mus t  take the plus sign in f ront  of the root  in the las t  equation. 

In Eq. (16) the quantity v~2fi 2 under the root  is v e r y  smal l  compared  with the other t e r m s  and may  
be neglected.  

F r o m  the condition of equi l ibr ium of an e l e m e n t a r y  volume of d i spe r sed  m a s s  in the elbow pipe we 
have 

2n 
I Tb (R + r o cos (p) d(p = iar  o. 
0 

Putting the value of ~'b into this we obtain 

(T o - -  v0~]~) 2~R • V 2v0~l (I1R + l~ro) ~- i~ro, 

2yf 
11 ---- .[ ] / i  + T O (cos q~ - -  [~) d~; 

0 

I 2 =  .t" COS~Vi+T0(COS~--8) d~. 
0 

where  

(16) 

(17) 
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Fig .  1 F ig .  2 

F ig .  1. P a r t  of the  p ipe  in  wh ich  the  f low o c c u r s .  

F ig .  2. D i s p o s i t i o n  of the  c o r e  of the  f low in the  c i r c u l a r  
c r o s s  s e c t i o n .  

In  s o l v i n g  Eq. (16) wi th  r e s p e c t  to u0 we m u s t  t ake  the  p lus  s i g n  in  f r o n t  of the  r o o t ,  s i n c e  i t  i s  c l e a r  
f r o m  the p h y s i c a l  m e a n i n g  tha t  wi th  i n c r e a s i n g  i the  m o d u l u s  of v0 should  i n c r e a s e .  

A c c o r d i n g  to (16), f o r  v0 = 0, T b = T 0. Subs t i t u t i ng  f o r  ~'b in  (17) by i n s e r t i n g  the n u m e r i c a l  v a l u e  of 
70 we f ind the m i n i m u m  v a l u e  of i r e q u i r e d  fo r  the  o n s e t  of v i s c o p l a s t i c  f low: 

fmin = 2%1~. 

C o r r e s p o n d i n g  to th i s  v a l u e  of i m i  n we  have  the m i n i m u m  p r e s s u r e  a t  the  i n l e t  (Pl = 0): 

Plmin  ~ imin ~. 

E q u a t i o n  (11) t a k e s  the  fo l lowing  f o r m  a f t e r  s u b s t i t u t i n g  the  v a l u e s  of r l b  and Z2b 

(Or) = --yoN3 + ,  ' 2Vo~q [i + To (cos qD - -  [3)] 

7nn b rl (R + ro cos q~) 

Pu t t i ng  the  s a m e  v a l u e s  in to  (14) we  ob t a in  

a2v ~ {% - ,o~]~ + v / 2Vo~l [i + T o (cos q~ - -  ~ ]  R - -  r e (i + % cos qD) 
09r  = ~ro (R + r0 cos @2 - -  " 

The  d i s t a n c e  f r o m  the  so l id  wa l l  to the  b o u n d a r y  of the  c o r e  of the c r o s s  s e c t i o n  wi l l  be 

Art 

or 

A~ = {.on~- ,/~on [i + ~o (co~ ~--~]} ~o(n+ roCOCO) 
{~o -- v~13 + ~/2"~o~1 [i + % (cos ~-- ~)]} R -- ro (i + ~o cos@ " 

The  c o r e  of the  c r o s s  s e c t i o n  d e r i v e d  f r o m  th i s  equa t ion  t a k e s  the  f o r m  i l l u s t r a t e d  in F ig .  2 .  

R 

r o 

P 

P0 
v 0, Vr, Vz 
TO 

T 

N O T A T I O N  

i s  the  r a d i u s  of the  a x i s  of the  e lbow p ipe ;  
i s  the  r a d i u s  of the  p ipe  c r o s s  s e c t i o n ;  
i s  the  h y d r o s t a t i c  p r e s s u r e ;  
i s  the  d e n s i t y ;  
a r e  the  v e l o c i t y  c o m p o n e n t s ;  
i s  the  l i m i t i n g  s h e a r  s t r e s s ;  
i s  the  p l a s t i c  v i s c o s i t y ;  
i s  the  p r i n c i p a l  t a n g e n t i a l  s t r e s s ;  
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~'b is the tangential  s t r e s s  at  the solid wall; 
fl is the ra t io  R / r 0 ;  

is the cen t ra l  angle of the a r c  AB; 
is the angle between the no rm a l  and the ox axis;  

An is the d is tance  f r o m  the solid wall  to the boundary of the co re  of the c r o s s  section.  

1. 
2. 
3 
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